We show that the assumption n 1 > λ in the Second Multiplier Theorem can be replaced by a divisibility condition weaker than the condition in McFarland's multiplier theorem, thus obtaining significant progress towards the multiplier conjecture.
Introduction
A (v, k, λ, n) difference set in a finite group G of order v is a k-subset D of G such that every element g = 1 of G has exactly λ representations
As usual, we assume 1 < k < v/2. The positive integer n = k − λ is called the order of the difference set.
Hall [5] introduced the concept of multipliers of difference sets. An integer t is a multiplier of D if {d t : d ∈ D} = {dg : d ∈ G} for some g ∈ G.
In 1947, Hall [5] proved that every prime divisor of the order of a planar difference set is a multiplier of the difference set. In 1951, Hall and Ryser [7] generalized this result and obtained what is now called the First Multiplier Theorem. The following conjecture, which is a classical unsolved problem, originated from their paper [7] . [9, Thm. 6, p . 68]) Let D be a (v, k, λ, n) difference set in an abelian group G of exponent v * . Let n 1 be a divisor of n with (v, n 1 ) = 1. Suppose that t is an integer such that for every prime divisor u of n 1 , there is an integer f u with t ≡ u fu ( mod v * ). If v and M (n/n 1 )
Result 1.3 (McFarland
are coprime, then t is a multiplier of D.
Qiu [13, 14, 15] , Muzychuk [12] , and Feng [3] improved Result 1.3 for certain values of n/n 1 , e.g., n/n 1 ∈ {2, 3, 4, 5}. Beyond that there has not been significant progress towards the multiplier conjecture since McFarland's work. A generalization of the Second Multiplier Theorem to divisible difference sets can be found in [1] .
We will show that, in general, M (n/n 1 ) in McFarland's result can be replaced by a significantly smaller number, thus obtaining a substantial improvement upon existing multiplier theorems. The following is the main result of this paper.
Theorem 1.4
Let D be a (v, k, λ, n) difference set in an abelian group G of exponent v * . Let n 1 be a divisor of n with (v, n 1 ) = 1. Suppose that t is an integer such that for every prime divisor u of n 1 , there is an integer f u with t ≡ u fu (mod v * ). If v and M (n/n 1 , k/n 1 ) are coprime, then t is a multiplier of D.
Note that M (m, b) in general is not uniquely defined, as it depends on the order in which the prime divisors of m are chosen for the recursion. But Theorem 1.4 holds no matter which of the possible values for M (m, b) is chosen. The flexibility in choosing the order of the prime divisors of m for the computation of M (m, b) is significant. For a given parameter set (v, k, λ, n), one choice for the order of prime divisors might give a value for M (m, b), which is coprime to v, while another choice may result in a value for M (m, b), which has a common divisor with v.
A remark concerning the formulation of Theorem 1.4 is in order. To avoid the ambiguity concerning M (m, b), we could replace M (m, b) by the set M(m, b) of all values for M (m, b), which can be obtained from some choice of the order of prime divisors of m. Then the statement of Theorem 1.4 would be "If v is coprime to at least one number in M(m, b), then t is a multiplier of D". We follow McFarland, however, and avoid this clumsier formulation, which might be considered more precise, but only from a superficial point of view. Theorem 1.4 is a significant improvement of Result 1.3. The improvement is obtained by a new way to study putative nontrivial solutions of group ring equations XX (−1) = m over abelian groups G. McFarland [9] discovered a lower bound on the number of nonzero coefficients of X, which leads to a contradiction if m is too small compared to the orders of prime divisors of m modulo prime divisors of |G|. Our approach is to look at the behavior of the coefficient of the identity in X in a sequence of homomorphic images of X. Quite surprisingly, this coefficient can be controlled over this sequence under reasonable conditions. Eventually, when we reach the homomorphic image of X in the trivial group, bounds on the coefficient of the identity produce a contradiction, which means that X itself must be trivial.
Preliminaries
Let G be a finite abelian group of order v. The least common multiple of the orders of the elements of G is called the exponent of G. We denote the group of complex character of G byĜ. The character sending all elements of G to 1 is called trivial.
We will make use of the integral group ring Z [G] . Let X = a g g ∈ Z[G], and let t be an integer. The a g 's are called the coefficients of X. We write |X| = a g and X (t) = a g g t . The set supp(X) = {g ∈ G : a g = 0} is called the support of X. Let 1 denote the identity element of G. For a ∈ Z we simply write a for the group ring element a · 1. The coefficient of 1 in a group ring element is called the coefficient of the identity (and will play an important role in this paper). For S ⊂ G, we write S instead of g∈S g. We say that X ∈ Z[G] is trivial if X = ag for some integer a and g ∈ G.
Using the group ring notation, a k-subset of G is a (v, k, λ, n) difference set in G if and only if We need the following fact.
Lemma 2.1 Let G be a finite group of order q a where q is a prime, and let t be a positive integer with (q, t) = 1. Let Y be an orbit of x → x t on G \ {1}.
Then |Y | ≡ 0 (mod ord q (t)).
Let y be the smallest positive integer with g t y = g. Note that Y = {g, g t , . . . , g t y−1 } and
where o(g) denotes the order of g in G.
As g = 1, we have o(g) ≡ 0 ( mod q). Hence t y − 1 ≡ 0 (mod q) and thus |Y | = y ≡ 0 (mod ord q (t)).
We write ζ v = exp(2πi/v). For a simple proof of the following result, see 
for all g ∈ G (Fourier Inversion Formula).
We will use the following consequence of Results 2.2 and 2.3 repeatedly. In the proof we will use some basic facts from algebraic number theory. We refer to [8] for the necessary background.
Corollary 2.4 Let G be a finite abelian group of exponent v * . Suppose that
for some integers α and w with (|G|, w) = 1. Moreover, suppose that z is a positive integer with (|G|, z) = 1 such that, for every prime divisor p of w, there is an integer f p with
Then
Proof Let p be any prime divisor of w and let p e be the largest power of p dividing w. We will show that 
Let χ be any nontrivial character of G. By (2), we have
and thus
for all i.
It follows from Result 2.2 and (3) that σ fixes all prime ideals p i . Note that χ(X (z) ) = χ(X) σ . As
for all i. Combining this with (5), we conclude
for all nontrivial characters χ of G.
all nontrivial characters χ of G. Let χ 0 denote the trivial character of G.
In summary, we have shown χ(F ) ≡ 0 (mod p e ) for all characters χ of G. Recall that p is coprime to |G| by assumption. Thus Result 2.3 implies
The next result is due to McFarland [9] . We include a proof for the convenience of the reader.
Result 2.5 Let G be an abelian group, and let t be an integer with (v, t) = 1.
by n, then t is a multiplier of D.
we have XX (−1) = n 2 . Hence the sum of the squares of the coefficients of X is n 2 . As X is divisible by n by assumption, this implies X = gn for some
Comparing the coefficient of g on both sides of
Thus b gh = a h for all h ∈ G, i.e., F (t) = F g. This proves part (a).
Note that |E| = k 2 − λv = n > 0. As E is divisible by n and
we conclude that E has at most one nonzero coefficient. Hence E = ng for some g ∈ G. This implies nD (t) = DE = nDg and thus D (t) = Dg.
Remark 2.6 The proof of Result 2.5 (b) shows that t is multiplier of
McFarland and Mann [10] showed that every multiplier of a difference set fixes at least one translate of the difference set. This implies the following.
Result 2.7 Suppose D is a (v, k, λ, n) difference set in an abelian group G, where v = q b for a prime q and a positive integer b. Let t be an integer with (q, t) = 1 and write
Proof By [10] , we can assume
3 Triviality of Solutions to XX
Let G be an abelian group and let m be a positive integer. In view of Remark 2.6, the triviality of solutions to XX (−1) = m 2 can be used to prove the existence of multipliers. This fundamental idea is due to McFarland. In this section, we improve upon McFarland's results by providing new sufficient conditions for the triviality of solutions to XX (−1) = m 2 .
First we define a function M (m), which is similar to McFarland's Mfunction, but has significantly smaller values for m ≥ 5.
Again, note that the function M (m) is not uniquely defined in general, but all our results hold, no matter which version of M (m) is used. One may wonder why there is an extra term when 4m − 1 is a prime. As it can be seen in the proof of Theorem 3.4, the case where 4m − 1 is a prime plays a special role. In fact, it can be shown that there are nontrivial solutions to XX (−1) = m 2 when 4m − 1 is a prime.
Now we are ready to state the main result of this section. The proof of Theorem 3.2 turns out to be complicated. We first need to consider the problem with the additional condition X (z) = X, where z is an integer with (|G|, z) = 1. If there exists a positive real number a such that −a ≤ b 0 and ord q (z) > m + a for all prime divisors q of |G|, then X is trivial.
Proof Suppose that X is nontrivial. Note that |X| = ±m, since XX (−1) = m 2 . Replacing X by −X if necessary, we may assume |X| = m. Let q 1 , . . . , q s be the distinct prime divisors of |G| and write
where G i is the Sylow q i -subgroup of G, i = 1, . . . , s. For convenience, we may assume
We consider the sequence of homomorphisms
The subsequent application of ρ 1 , . . . , ρ s sends all elements of G to the identity, and we may visualize this process by
Note that ρ s (X) is trivial. Hence there exists a smallest integer r ≤ s such that ρ r (X) is trivial. Our aim is to show r = 0 by deriving a contradiction if r > 0. Thus suppose r > 0.
Recall that XX (−1) = m 2 and X (z) = X by assumption. Hence
for all i. Furthermore, |ρ i (X)| = |X| = m for all i.
For i = 0, . . . , s, let b i be the coefficient of the identity in ρ i (X). The key to our proof is to investigate how the b i 's are related.
We have |b i | ≤ m for all i. To see this, write ρ i (X) = b i + g∈G\{1} a g g with a g ∈ Z. Comparing the coefficient of the identity on both sides of Recall that r is the smallest positive integer such that ρ r (X) is trivial. Hence, by what we have shown, r is the smallest positive integer such that b r = m. Furthermore, b i < m for all i < r.
Next we claim that
with y i+1 = {−1, 0, 1}, for i = 0, . . . , s − 1. Recall that
by the definition of ρ i . Hence we can write
with supp(
Now we consider the action of
where a j ∈ Z and the T j 's are orbits of x → x z on G i+1 \ {1}. Recall that the order of G i+1 is a power of q i+1 . Hence
for all j by Lemma 2.1. Recall that b i+1 is the coefficient of the identity in ρ i+1 (X). Applying ρ i+1 to (9), we get b i+1 = |Y i |. Thus (10) and (11) imply
Hence b i+1 = b i + y i+1 ord q i+1 (z) for some integer y i+1 . Moreover, as |b i | ≤ m, |b i+1 | ≤ m, and ord q i+1 (z) > m + a > m, it follows that |y i+1 | ≤ 1. This proves (8) .
Recall that r is the smallest integer such that b r = m and that b i < m for i < r. Suppose r > 0. Then b r−1 < m. By (8) 
As j < r, we have ord q j (z) ≥ ord qr (z) by (7) . Hence b j−1 ≥ m and thus b j−1 = m. Thus ρ j−1 (X) is trivial. As j − 1 < r, this contradicts the definition of r. Therefore, y j = 0 and b j−1 = b j . This completes the proof for the claim that b 0 = b 1 = · · · = b r−1 .
Finally, we conclude that b 0 = b r−1 < −a, which contradicts the assumption on b 0 . Thus we have shown that r > 0 is impossible. Hence r = 0, which implies that X is trivial, a contradiction. (i) X is trivial.
(ii) 4m − 1 is a prime dividing |G| and ord 4m−1 (z) = 2m − 1.
Proof As before, we assume that X is nontrivial and denote the coefficient of the identity in X by b 0 . As argued before, we have |b 0 | ≤ m − 1.
Suppose b 0 ≥ −(m − 2). Then we can apply Theorem 3.3 with a = m − 2, which shows that X is trivial. Hence we can assume b 0 = −m + 1.
Using the assumption X (z) = X, we can write
with a i ∈ Z, where the T i 's are orbits of x → x z on G \ {1}. Note that |T i | ≥ 2m − 1 for all i by Lemma 2.1, since ord q (z) ≥ 2m − 1 for all prime divisors q of |G| by assumption.
Recall that the sum of the squares of the coefficients of X is m 2 , since
, which implies a i = ±1 for one i, a j = 0 for all j = i, and |T i | = 2m − 1. Hence X = −m + 1 + a i T i with a i = ±1. Since |X| = m and |T i | = 2m − 1, we have m = |X| = −m + 1 + a i (2m − 1), i.e., a i = 1. In summary, we have shown
) . We will show that H is a subgroup of G and that |H| = 4m − 1 is a prime.
Since supp(T T (−1) ) ⊂ H, we have k z i −z j = k ±z c for some positive integer c.
So far we have shown H = H (−1) and that x, y ∈ H, x = y, implies xy ∈ H. Now let x ∈ H, x = 1, be arbitrary, say
Then, by what we have shown, y := k ±z i +z j ∈ H and y 1 := k ±z i −z j ∈ H. Hence x 2 = yy 1 ∈ H. We have thus shown that H is a group. The order of H is 1 + 2|T | = 1 + 2(2m − 1) = 4m − 1. Let q be a prime divisor of 4m − 1. If q = 4m − 1, then q < 2m − 1. Hence ord q (z) < q < 2m − 1. But q divides |G| since H is a subgroup of G. This contradicts the assumption ord q (z) ≥ 2m − 1. Hence 4m − 1 is a prime and ord 4m−1 (z) = |T | = 2m − 1.
Proof of Theorem 3.2
First we deal with the case m = 1. In this case, XX (−1) = 1 and thus the sum of the squares of the coefficients of X is 1. Hence X = ±g for some g ∈ G, i.e., X is trivial. Now let m ≥ 2 and suppose that X is nontrivial. As in the proof of [9, Thm. 3, p. 36], we proceed by induction on the number of distinct prime divisors of m.
Let p be a prime factor of m, and let p e be the highest power of p dividing m. Note that p does not divide |G| as p is a prime factor of M (m). First, we claim that we may assume X (p) = X.
To apply the inductive argument, we need to show that
is not a prime, we have
Note that the number of distinct prime factors of m 2 /p 2e is less than that of m. Recall that, by assumption, |G| is coprime to M (m). Since
As E as trivial, it is divisible by m 2 /p 2e . Thus 
Hence, replacing X by Xg 1 , if necessary, we can assume X (p) = X.
We are going to complete the proof by applying Theorem 3.4 to X. Let q be any prime divisor of |G|. Recall that we assume that X is nontrivial. Hence 4m − 1 is a prime dividing |G| by Theorem 3.4. But then 4m − 1 divides M (m) by definition, contradicting the assumption (|G|, M (m)) = 1.
Proof of Theorem 1.4
Our argument is similar to the proof of [9, Thm. 6, p. 68] . Let
A straightforward computation using (1) shows that F F (−1) = n 2 . By Result 2.5 (b), to prove that t is a multiplier of D, it is sufficient to show that F is trivial.
We proceed as before. Recall that, by the assumptions of Theorem 1.4, for every prime divisor u of n 1 , there is an integer f u with
Furthermore,
by (1) . Hence, from (12) , (13), (14) , and using Corollary 2.4 (with w = n 1 and α = −λ), we conclude F ≡ 0 (mod n 1 ).
Let p be a prime divisor of n/n 1 and p e be the largest power of p dividing n/n 1 . Write
We will apply Theorem 3.2 to show that E 1 is trivial. Note that
Hence
by Corollary 2.4 (with α = 0 and
By (15), we have
To apply Theorem 3.2, we need to show that M (n 2 /(n
We have (v, M (n/n 1 , k/n 1 )) = 1 by assumption and therefore v and M (n 2 /(n 2 1 p 2e )) are coprime. Thus E 2 is trivial by (17) and Theorem 3.2.
is trivial, too. By applying a similar argument as in the proof of Theorem 3.2, we may assume E = E (p) .
Suppose that E is nontrivial. Let a 0 and b 0 be the coefficients of the identity in F , respectively E.
Furthermore, as we assume that E is nontrivial, we have |b 0 | < n/n 1 . Hence
Let q be a prime divisor of v. Then ord q (p) > k/n 1 , since q does not divide any of the numbers p − 1, p 2 − 1,. . . ,p k/n 1 − 1 by the assumption (|G|, M (n/n 1 , k/n 1 )) = 1 and the definition of M (n/n 1 , k/n 1 ). Set a = λ/n 1 . Then b 0 ≥ −a by (18) and ord q (p) > k/n 1 = n/n 1 + λ/n 1 = n/n 1 + a for all prime divisors q of |G|. Thus we can apply Theorem 3.3 with m = n/n 1 and a = λ/n 1 and conclude that E is trivial, a contradiction. Hence E and thus F is trivial and this completes the proof of Theorem 1.4.
Let n 1 be a divisor of n with (v, n 1 ) = 1. Suppose that t is an integer such that for every prime divisor u of n 1 , there is an integer f u with t ≡ u fu (mod v * ). If v and M (n/n 1 ) are coprime, then t is a multiplier of
D.
Proof Define E as in the proof of Theorem 1.4. Then E is trivial by Theorem 3.4, since EE (−1) = n 2 /n 2 1 and (v, M (n/n 1 )) = 1 by assumption. Hence the same argument as in the proof of Theorem 1.4 shows that t is a multiplier of D.
Examples
McFarland [9] defined his M -function as follows. Let m be a positive integer. For m ≤ 4, define M (m) by
For m ≥ 5, let p be a prime factor of m, and define M (m) as the product of the distinct prime factors of
where p e is the highest power of p dividing m, and u = (m 2 − m)/2 . Note that M (m) is not uniquely defined in general, as it depends on the order in which prime divisors of m are chosen for the recursion. is a prime, and they are known to exist for every prime p ≡ 3 (mod 4), see [2] .
There are 39322 primes p ≡ 3 (mod 4) with 7 ≤ p < 10 6 .
• The Second Multiplier Theorem implies the validity of the multiplier conjecture for Paley-Hadamard parameters for 23125 of these primes.
• The Second Multiplier Theorem together with Hall's result on 6th power difference sets [6] implies the validity of the multiplier conjecture for 6587 of the remaining 16197 cases.
• McFarland's result 1.3 implies the validity of the multiplier conjecture for 5068 of the remaining 9610 cases.
• Thus, prior to the results of this paper, there were 4542 open cases for of the multiplier conjecture for Paley-Hadamard parameters in this range. Theorem 1.4 implies the validity of the multiplier conjecture for 3034 of these cases. There are 1508 cases in this range which remain unresolved.
The computational details of the search described in this example are available in electronic form upon request.
Example 5.4
A list of open cases for the existence of cyclic difference sets can be found under [4] . Our multiplier theorem can be used to rule out some of these cases: Difference sets D with the following parameters do not exist. Proof For v = 419, we take t = n 1 = 13 in Corollary 4.1. Note that v and M (n/n 1 ) = M (7) are coprime. Hence 13 is a multiplier of D. A quick computer search based on this fact rules out this difference set. Note that Result 1.3 does not imply that 13 is a multiplier as M (7) is divisible by 419.
For v = 1123, we take t = n 1 = 19 in Theorem 1.4. As ord v (7) = 11 > k/n 1 = 154/19, we conclude that M (n/n 1 , k/n 1 ) is not divisible by v. Hence 19 is a multiplier of D. As ord v (19) = 561, Result 2.7 rules out this difference set.
For v = 1381, take t = n 1 = 17, in Theorem 1.4. As ord v (13) = 23 > k/n 1 = 276/17, we conclude that 17 is a multiplier of D. As ord v (17) = 84, Result 2.7 rules out this difference set.
Example 5.5 Theorem 1.4 often can be used to show that known difference with certain parameters are unique. Here is an example of twin prime difference sets: Up to equivalence, there is a unique difference set D with parameters (v, k, λ, n) = (213443, 106721, 53360, 53361).
Proof A difference set with these parameters exists as v = 461 · 463, and 461 and 463 are primes, see [2] . Note that n = 3 2 · 7 2 · 11 2 and 11 ≡ 3 31459 (mod v). Hence we can take t = 3 and n 1 = 3 2 · 11 2 in Corollary 4.1.
Since ord 461 (7) = 460, ord 463 (7) = 154 and 154 > 2 · 49 − 2 we infer that M (n/n 1 ) = M (49) is coprime to v. Hence 3 is a multiplier of D by Corollary 4.1, and we can assume D = D (3) . Note that x → x 3 has exactly 5 orbits on the cyclic group of order v of size 106260, 106260, 460, 462, 1, respectively. As k − 106260 = 461, we conclude that D consists of one orbit of size 106260, and the orbits of size 460 and 1. As there is an automorphism of the cyclic group of order v, which maps the two orbits of size 106260 to each other and fixes the orbits of size 460 and 1, respectively, we conclude that D is unique up to equivalence.
We note that Result 1.3 does not imply that 3 is a multiplier of D, since both 461 and 463 divide M (49).
